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Abstract
We study the semiclassical partition function in the frame work
of the Morse theory, to clarify the phase factor of the partition
function and to relate it to the eta invariant of Atiyah. Converting
physical system with potential into a curved manifold, we exploit
the Jacobi fields and their corresponding eigenvalue equations
to be associated with geodesics on the curved manifold and the
Hamilton-Jacobi theory.
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Nowadays there have been considerable discussions concerning the topo-
logical invariants such as the Euler characteristics, the Hopf invariant and
so on in mathematical physics. Moreover, the eta invariant of Atiyah has
been for instance studied by Witten in quantum field theory associated with
the Jones polynomial and knot theory [1] and even in hadron physics such
as the chiral bag model [2]. Recently, the Yamabe invariant [3, 4] are also
investigated in general relativity associated with the topology of boundary
surface of black holes with nontrivial higher genus.
On the other hand, since Feynman proposed the path integral formal-
ism in 1948 [5], there have been tremendous developments in quantum field
theory. Especially, the partition functions in the path integral scheme have
become crucial in investigating many aspects of recent theoretical physics.
In fact, Morette studied the partition functions semiclasically long ago, but
her expression for its phase factor possesses somehow subtleties [6].
In this paper we reformulate the semiclassical partition function in the
frame work of the Morse theory of differential geometry, to clarify the phase
factor of the partition function and to relate it to the eta invariant of Atiyah [7,
1]. To do this, we will convert the physical system with potential into a curved
manifold, on which we will use the Jacobi fields and their corresponding eigen-
value equations associated with the geodesics on the curved manifold, and
the Hamilton-Jacobi theory.
Now we consider a particle in a conserved physical system with constant
energy E, which consists of the kinetic and potential energies given as T =
mδijv
ivj/2 with vi = dxi/dτ and V = V (xi), respectively. Converting the
potential energy into curvature of the target manifold, one can obtain action
of the particle of the form 1
S =
∫ τ2
τ1
dτ (gabv
avb)1/2, (1)
to yield a curved three-dimensional manifold M with metric
gab =
m(E − 2V )2
2(E − V )
δab, (2)
1On the curved manifold M , we will use the abstract index notation a, b which can be
converted into the component notation whenever we wish. Here one notes that, without
loss of generality, V (xi) can be chosen to vanish at starting point at τ1. See Ref. [8] for
the notations and conventions used here as in Eq. (10).
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which does not have any singularities since the denominator of Eq. (2) is
positive definite. With the metric gab in mind, one can define a unique
covariant derivative ∇a satisfying ∇agbc = 0.
Now we consider a smooth one-parameter family of curves Cα(τ), param-
eterized by a proper time τ (τ1 ≤ τ ≤ τ2) such that for all α and p, q ∈ M ,
Cα(τ1) = p, Cα(τ2) = q, and C0 is a geodesic or a classical path, along which
a tangent vector field va satisfies the geodesic equation
va∇av
b =
d2xi
dτ 2
+ Γijk
dxj
dτ
dxk
dτ
= 0 (3)
where ∇avb = ∂avb+Γbacv
c. Let Σ be a two-dimensional submanifold spanned
by curves Cα(τ) and we choose (τ , α) as coordinates of Σ. The vector fields
va = (∂/∂τ)a and wa = (∂/∂α)a are then the tangent to the family of curves
and the deviation vector representing the displacement to an infinitesimally
nearby curve, respectively. Here one notes that wa can be always chosen
orthogonal to va and vanishes at end-points to yield the boundary conditions,
wa(τ1) = w
a(τ2) = 0. (4)
Since va and wa are coordinate vector fields, they commute to each other,
£vw
a = v b∇bw
a − w b∇bv
a = 0. (5)
In the stationary phase approximation where |wa| is infinitesimally small,
one can expand the action (1) around the geodesic C0
S = Scl + S
(1)[w(τ)] +
1
2
S(2)[w(τ)] + · · · , (6)
where Scl = S|α=0 is a classical action, and 2
S(1)[w(τ)] =
∫ τ2
τ1
dτ wa∇a(v
bvb)
1/2
=
∫ τ2
τ1
dτ vbw
a∇av
b
2For simplicity, we will parameterize the curve so that the Lagrangian L is given as
L = (gabv
avb)1/2 = 1 along the geodesic without loss of generality, since the action (1) is
parameterization independent. Here we need to put the condition α = 0 at the end of the
calculations of S(1)[w(τ)] and S(2)[w(τ)].
2
= −
∫ τ2
τ1
dτ wbva∇avb (7)
S(2)[w(τ)] = −
∫ τ2
τ1
dτ wc∇c(wbv
d∇dv
b)
= −
∫ τ2
τ1
dτ wcwb(∇cv
d∇dv
b + vd∇c∇dv
b)
= −
∫ τ2
τ1
dτ gabw
a(vc∇c(v
d∇dw
b) +R bcde v
cvewd)
=
∫ τ2
τ1
dτ gijw
iΛjkw
k (8)
where we have the Sturm-Liouville operator given as
Λi j = −δ
i
j
d2
dτ 2
− R ikjl v
kvl, (9)
and we have used Eqs. (3) - (5) and the convention for the Riemann curvature
tensor for any vector field va [8]
(∇a∇b −∇b∇a)v
c = −R cabd v
d. (10)
Now we consider a partition function [9]
Z(q, τ2; p, τ1) =
∫
D[xi(τ)]eiS[x
i(τ)], (11)
which, in the stationary phase approximation, contains a widely oscillatory
integral [1, 10, 11] and is thus given by contributions from the points of
stationary phase. Here one notes that the stationary points precisely con-
struct the geodesic, along which the total energy is constant. Since the above
S(1)[w(τ)] in Eq. (7) vanishes due to the geodesic equation (3), by inserting
Eq. (6) into Eq. (11), one can obtain the partition function of the form,
Z(q, τ2; p, τ1) = e
iSclZ(2)(q, τ2; p, τ1) (12)
Z(2)(q, τ2; p, τ1) =
∫
D[w(τ)]eiS
(2)[w(τ)]/2. (13)
Now we define a scalar product
(w,w′) =
∫ τ2
τ1
dτ gijw
i(τ)w′j(τ) (14)
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to transform the path space of the integral (13) into a Hilbert space which
is an external product of two spaces: three-dimensional space of the physical
system and an infinite-dimensional Hilbert space of the continuous scalar
functions on [τ1, τ2] vanishing at τ1 and τ2. By choosing an orthonormal
basis {uiα(τ)} in this Hilbert space, one can have the deviation vector w
i(τ)
in terms of superposition of {uiα(τ)}
wi(τ) =
∞∑
α=1
aαuiα(τ) (15)
so that, together with Eq. (14), one can rewrite the second order action (8)
as follows
S(2)[w(τ)] =
∑
α,β
cαβa
αaβ (16)
where
cαβ =
∫ τ2
τ1
dτ giju
i
αΛ
j
ku
k
β = (uα,Λuβ). (17)
Now in order to diagonalize the matrix cαβ we find an orthonormal basis of
eigenfunctions {uiα(τ)} of the operator Λ with eigenvalues λα via the following
eigenvalue equations, which is associated with the Morse theory [12, 8, 13] and
is also algebraically treated to compute the semiclassical partition function
for the secondary Lagrangian [14],
− Λi ju
j
α + λαu
i
α =
d2uiα
dτ 2
+R ikjl v
kvlujα + λαu
i
α = 0, (18)
with
uiα(τ1) = u
i
α(τ2) = 0, (i = 1, 2, 3). (19)
With the above eigenvalues and eigenfunctions, one can obtain
cαβ = λα(uα, uβ) = λαδαβ (20)
to yield
S(2)[w(τ)] =
∑
α
λα(a
α)2 (21)
from which one can rewrite the second order partition function (13) as follows
Z(2)(q, τ2; p, τ1) = J
∞∏
α=1
∫ ∞
−∞
daαeiλα(a
α)2/2. (22)
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Here J is the Jacobian defined as
D[w(τ)] = J
∞∏
α=1
daα (23)
and is independent of w(τ) due to the linearity of the transformation (15),
so that J can be brought out of the integral symbol.
By taking the vanishing ǫ limit of the absolutely convergent integral, one
can obtain
lim
ǫ→0
∫ ∞
−∞
daαeiλα(a
α)2/2e−ǫ(a
α)2 = eiπ signλα/4
∣∣∣∣2πλα
∣∣∣∣
1/2
(24)
to arrive at
Z(2)(q, τ2; p, τ1) = Je
iπ
∑
α
signλα/4
∞∏
α
∣∣∣∣2πλα
∣∣∣∣
1/2
. (25)
Here note that the phase factor is proportional to
∑
α signλα, which is asso-
ciated with the eta invariant of Atiyah [7, 1]
η =
1
2
lim
s→0
signλα|λα|
−s. (26)
Now we relate our geodesic to geodesic of a free particle with the same con-
stant energy E to obtain a closed form of the absolute value in Eq. (25). Re-
calling that the Jacobian J remains unchanged for the unitary transformation
{uα(τ)} → {uˆα(τ)} [14], for the free particle with the metric gˆij =
1
2
mEδij
which can be obtained from Eq. (2), one can have the partition function
Zˆ(2)(q, τ2; p, τ1) = Je
iπ
∑
α
signλˆα/4
∞∏
α
∣∣∣∣∣
2π
λˆα
∣∣∣∣∣
1/2
, (27)
whose corresponding eigenvalue equations can be described as
− Λˆi juˆ
j
α + λˆαuˆ
i
α =
d2uˆiα
dτ 2
+ λˆαuˆ
i
α = 0, (28)
with
uˆiα(τ1) = uˆ
i
α(τ2) = 0, (i = 1, 2, 3). (29)
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Combination of Eqs. (25) and (27) yields
Z(2)(q, τ2; p, τ1) = e
iπ
∑
α
(sign λα−sign λˆα)/4
∣∣∣∣∣
∏
α λˆα∏
α λα
∣∣∣∣∣
1/2
Zˆ(2)(q, τ2; p, τ1). (30)
Now we consider a Jacobi equation to express the absolute value of the
ratio in Eq. (30) in terms of the initial data at the starting point p = xi(τ1),
by introducing a smooth one-parameter family of geodesics γα(τ) on the
manifold M . Here one can vary the parameter α ∈ R by infinitesimally
changing the direction of the initial velocity vi(τ1) = dx
i/dτ(τ1) at p, and
also one can choose α and τ as coordinates of a submanifold Σγ spanned
by the geodesics γα(τ) on M . Along the geodesic γ0, one can have tangent
vector fields va and deviation vector field wa which points to an infinitesimally
nearby geodesic and vanishes at p, namely, wa(τ1) = 0, so that one can
have the relative acceleration of the displacement to an infinitesimally nearby
geodesic,3
aa = vc∇c(v
b∇bw
a) = −R abcd v
bvdwc, (31)
to yield the geodesic deviation equation
vc∇c(v
b∇bw
a) +R abcd v
bvdwc =
d2wiα
dτ 2
+R iklmv
kvmwl = −Λi jw
j = 0, (32)
which is also known as a Jacobi equation and its solution wa is named a
Jacobi field on the geodesic γ0 whose tangent is v
a. Since the above Jacobi
equation (32) is a linear differential equation, the Jacobi field wi(τ) depends
linearly on the inertial data wi(τ1) = p and dw
i/dτ(τ1) at the starting point
p to yield
wi(τ) = T ij(τ)
dwj
dτ
(τ1), (33)
where
T ij(τ1) = 0,
dT ij
dτ
(τ1) = δ
i
j (34)
3Differently from Eqs. (7) and (8), one can exploit the fact that all curves involved in
aa are geodesics, so that one can use the identity wc∇c(vb∇bva) = 0.
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and T ij(τ) can be defined as
4
T ij(τ) =
dxi(τ)
dvj(τ1)
. (35)
Substituting Eq. (33) into Eq. (32), one can rewrite the Jacobi equation in
terms of T ij as
d2T ij
dτ 2
+R iklmv
kvmT lj = −Λ
i
lT
l
j = 0. (36)
Similarly, for the free particle one can obtain
d2Tˆ ij
dτ 2
= −Λˆi lTˆ
l
j = 0, (37)
Tˆ ij(τ1) = 0,
dTˆ ij
dτ
(τ1) = δ
i
j (38)
from which the ratio in Eq. (30) can be rewritten as [15]
∣∣∣∣∣
∏
α λˆα∏
α λα
∣∣∣∣∣ =
∣∣∣∣∣∣
det Tˆ ij(τ2)
det T ij(τ2)
∣∣∣∣∣∣ . (39)
On the other hand, the partition function for a free particle is given as [16]
Zˆ(2)(q, τ2; p, τ1) = (2πi)
−3/2

 det gˆij(τ1)
det Tˆ ij(τ2)


1/2
. (40)
Using the above results (39) and (40), the second order partition function
(30) can be rewritten as
Z(2)(q, τ2; p, τ1) = (2πi)
−3/2eiπ
∑
α
(signλα−signλˆα)/4
∣∣∣∣∣
det gˆij(τ1)
det T ij(τ2)
∣∣∣∣∣
1/2
(41)
to yield
Z(2)(q, τ2; p, τ1) = (2πi)
−3/2eiπ
∑
α
(signλα−signλˆα)/4
∣∣∣∣∣det gˆij(τ1)
∂vj(τ1)
∂xk(τ2)
∣∣∣∣∣
1/2
.
(42)
4 Since the coordinates xi(τ) and the velocity vi(τ) = dxi/dτ(τ) are independent
variables at the same time, say τ1, one can easily check that the definition (35) satisfies
Eq. (34).
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Now we consider the Hamilton-Jacobi theory [17] where classical conju-
gate momentum pcli (τ) corresponding to x
i(τ) in the action (1) is given as
pcli (τ) =
∂Lcl
∂vi
= gijv
j, pcli (τ1) =
∂Scl
∂xi(τ1)
(43)
from which we can obtain
gˆij(τ1) =
∂pcli (τ1)
∂vj(τ1)
,
∂vi(τ1)
∂xj(τ2)
=
1
gˆik(τ1)
∂pclk (τ1)
∂xj(τ2)
=
1
gˆik(τ1)
∂2Scl
∂xk(τ1)∂xj(τ2)
(44)
to, together with Eqs. (12) and (42), yield the desired semiclassical partition
function
Z(q, τ2; p, τ1) = (2πi)
−3/2eiπ
∑
α
(signλα−signλˆα)/4eiScl
∣∣∣∣∣det
∂2Scl
∂xi(τ1)∂xk(τ2)
∣∣∣∣∣
1/2
,
(45)
where the determinant involved here is known as the Van Vleck determi-
nant [18]. Here signλˆα is easily checked to be positive and signλα could be
positive or negative, so that the corresponding additional phase factor in the
semiclassical partition function (45) is given by e−iNπ/2 where N is the num-
ber of negative eigenvalues, counted with their multiplicity [13, 14], of the
operator Λ in the eigenvalue equation (18) of the Morse theory.
In conclusion, we have explicitly derived the semiclassical partition func-
tion in the framework of the Morse theory, where we can introduce the Jacobi
fields and the Hamilton-Jacobi theory to yield the phase factor of the semi-
classical partition function associated with the eta invariant of Atiyah. It will
be interesting, through further investigation, to study conjugate points [12]
in the framework of this semiclassical approach to differential geometry.
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